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Theorem 1

Let G be a group and H a non-empty subset of G. Then His a
subgroup of G if; and only if (i) foralla e H b € H = ab € H,
i e. His closed under the given operation and (1) for all a € H,

the inverse of ai.e. al e H.

Proof : The proof of the theorem consists of two parts. The
first part consists in showing that if H is a subgroup of G,
‘the conditions (i) and (ii) are true, and the second part Cconsists
in showing that if the two conditions (i) and (ii) hold good
then H is a group and hence a subgroup of G.



The conditions are necessary

The first part of the theorem follows from the fact that H is
given to be a group under the group operation of G. MNow
since His a group, therefore for all a, b ¢ H, we have ab e H
and the first condition 1s satisfied. Also, for all g € H, we
have @' € Hand the seccond condition is satisfied. Thus if H
is a subgroup of G, the conditions (i) and (ii} are satisfied
and the first part of the theorem 1s proved.

The conditions are sufficient

Now, to prove the second part, we must show that H is a
group under the operation of G. We shall show that with the
given tWwo conditions, H satisfies all the four postulates of a
group.
(i) We are given that for all @, b € H, ab = H and hence
the first postulate is satisfied.

(ii) H is associative because H is a subset of G which is
associative.

(iii) If x € H, then because of condition (ii), x ! € H and
the fourth postulate is satisfied.
(iv) Again, we have, by (i), xx* = H, i.e. e € H. Hence the
identity element of H 1s necessarily e.
Thus, we see that H satisfies all the four postulates of a
group and hence it is a subgroup.

The conditions (i) and (ii) of this theorem can be replaced
by the following single condition.

"THEOREM II.
. G be a group and H a non-empty subset of G. Then His a
subgroup of G if and only if
[a e H be H = ab™! € H.
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- Proof : The condition is sufficient

We shall first.prove that the condituion is sufficient. That is,
we shall prove thatifae H, be H— ab ! € H, then H is a



group. In this connection we should fc?'lrc‘;‘mbcr thar jf
then « e G also, since [ 118 & subset 0 1.
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Ciiveny that jae M, be H = ab’' ¢ H.
Exintence of Identity :

In thig relation taking b = a, we pel
e -] 2 v g : -
f@e H. be H] > aa' ¢ H, where @l is the inverse of o

ac I,

i G
= ¢ ¢ H, where e 1s the identity of G,

Hence e is an widentity of H also.

Thus postulate 3 18 satisfied.

Existence of Inverse :

Again, let a € H. Then lee H ae H = eal € H

Thatis, gl e 4

Thusifa e 4, then its inverse a! € H.

Thus Postulate 4 ;g satisfied.
Closure Property :
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Now lae H b1 ¢ Hl = a(b~1)"! ¢ 4
= ab e 4.

Hence [ae H b e H =>abe H

Thus postulate 1 is satisfied.

Associativity : The binary operation in G is associatiye and

since it is a subset of G, it must be associative.in /- also.

Thus postulate 2 1s satisfied.

Hence the set H forms a group.
The condition is necessary

We shall prove that the condition is necessary. Thart is. we
shall prove that if H is a group and a. b < H, ‘then

ab-! e H.-

Given that His a group and b e H; then its'inverse b~ ¢ 4
also. Therefore according to. the first postulate ab! ¢ H .



since His a group, Thus the above condition has been proved
to be necessary,

Note : In the case of additive group, this single condition

BN be written downasae H be H >a-be H.‘

* THEOREM 1 | | &

A\ non-empty subset H of a finite group G is a subgroup of G

yy
ae H be Heabe H.

It should be noted that in this

closure Property is needed. (i.e.

The condition is necessary

theorem only one condition viz,
H is closed under multiplication)

Suppose His a subgroup of G. Then H must be closed with
respect to multiplication i.e. the composition in G. Therefore
ac H, be H=abe

Hence the condition 1S necessary.

The condition is sufficient

It 1s given that H 1s closed wit

h respect to multiplication i.e.
as i, be H=abe H.

Let a be any element of 4. Then by the given condition a? =
aa € H, & = ad® < H, a* = aa® € H and so on. Thus
proceeding in this way, we get a® € Hwhere n is any positive
Integer. | ,

Thus the infinite collection of elements a, a2, a3, ... an, ... all
belong to H. But H is a finite subset of G.

Therefore there must be repetitions in this collection of
elements (if they are distinct, then H will not be finite set).
Hence there must exist an identity e € H such that a” = e
which will be also the identity element of G.

Also. a® ! e Hie. atoaleH
1l.e. - eoal! e H
l.e. al e H.

Thus . a=H—=ale H.
In this way we find that the two conditions of Theorem 1 of
3.2 hold good. Hence H is a subgroup of G.



